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Abstract 

We derive the model of homogenized von Karman shell theory, starting from three dimensional non- 
linear elasticity. The original three dimensional model contains two small parameters: the oscillations of 
the material e and the thickness of the shell h. Depending on the asymptotic ratio of these two parameters, 
we obtain different asymptotic theories. In the case /i<ewe identify two different asymptotic theories, 
depending on the ratio of h and e 2 . In the case of convex shells we obtain a complete picture in the whole 
regime h -C e. 
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1 Introduction 

This paper is about von-Kaiman theory for thin elastic shells. There is a vast literature on shell theory in 
elasticity. An overview about the derivation of models for linear and nonlinear shells by the method of 
formal asymptotic expansions can be found in [CiaOO]. In the case of linearly elastic shells, the models thus 
obtained can also be justified by a rigorous convergence result, starting from three dimensional linearized 
elasticity (see also [CL96, CLM96]). 

In the last two decades, rigorous justifications of nonlinear models for rods, curved rods, plates and shells 
were obtained by means of T-convergence, starting from three dimensional nonlinear elasticity. The first 
papers in that direction are [ABP91, LDR95, LDR96] for the string model, membrane plate and shell model 
respectively. The rigorous derivation of nonlinear bending theory of plate was achieved in [FJM02]; see also 
[PanOl] for an earlier result in this direction. Foppl-von Karman theory for plates was derived in [FJM06]. 
In [MM03, MM04], bending and von Karman theories for rods were derived. In [FJMM03] the nonlinear 
bending theory shell model was derived, and in [LMP10] the von Karman shell model was derived. 

Here we are interested in an the ansatz-free derivation of a homogenized von Karman shell theory by 
simultaneous homogenization and dimension reduction. Our starting point is the energy functional from 3d 
nonlinear elasticity. It attributes to a deformation u of a given shell S h C R 3 of small thickness h > 
around a surface Scl 3 the stored elastic energy 

j^^J W e {x,Vu(x))dx, ueH^S^R 3 ). (1) 

Here W e is a non-degenerate stored energy function that oscillates periodically on the surface, with some 
period e C 1, We are interested in the effective behavior when both the thickness h and the period e 
are small. The separate limits h — > and e — > are reasonably well understood: In [LMP10] it is 
shown that, when W e does not depend on e, then the functionals (1) T-converge as h — > to a two- 
dimensional von Karman shell theory. Regarding the limit e — > 0, which is related to homogenization, the 
first rigorous results relevant in nonlinear elasticity were obtained by Braides [Bra85] and independently by 
Miiller [MU187]. They proved that, under suitable growth assumptions on W s , the energy (1) T-converges 
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as e — > (and h fixed) to the functional obtained by replacing W s in (1) with the homogenized energy 
density given by an infinite-cell homogenization formula. 

In this paper we study the asymptotic behavior when both the thickness h and the period e tend to zero 
simultaneously. As a T-limit we obtain a two-dimensional von Karman shell model with homogenized ma- 
terial properties. Recently, the von Karman plate model (see [NV]), the bending plate models (see [HNV]), 
and bending rod models (see [NeulO, Neul2]), were analyzed in this way. Simultaneous homogenization 
and dimensional reduction was also done in the case of periodically wrinkled plate (see [Vel]). As explained 
there, in these cases one does not obtain infinite-cell homogenization formula like in the membrane case 
(see [BFFOO, BB06]). The basic reason for that is the fact since we are in small strain regimes, the energy is 
essentially convex in the strain. This is the main reason why we can use two scale convergence techniques 
in all these cases. However, every case has its own peculiarities. In the von Karman theory of plates, one 
obtains a limiting quadratic energy density which is continuous in the asymptotic ratio 7 between h and e, 
for all 7 e [0, 00]. Moreover, the case 7 = corresponds to the situation when the dimensional reduction 
dominates and the obtained model is just the homogenized von Karman plate model. The situation 7 = 00 
corresponds to the case when homogenization dominates and the obtained model is the von Karman plate 
model of the homogenized functional. 

In case of von Karman shell theory studied in the present paper, we encounter two different scenarios in the 
regime h -c e, depending whether h ~ e 2 or h <C e 2 . Our main result is presented in Theorem 4.5. We are 
not able to cover the case h -c e 2 in a generic way for arbitrary reference surfaces S. A stronger influence 
of the geometry of the reference surface S is expected in this case. In fact, in the case when S is a convex 
surface, we succesfully derive the limiting model even for the regime h <C e 2 , see Theorem 5.3. 

Our analysis requires both: techniques from dimension reduction, in particular, the quantitative rigidity 
estimate and approximation schemes developed in [FJM02, FJM06]; and techniques from homogenization 
methods, in particular, two-scale convergence [Ngu89, A1192, Vis06, Vis07]. To our knowledge our result 
is the first rigorous result combining homogenization and dimension reduction for shells in the von Karman 
regime. The homogenization for linearly elastic shells was carried out in [Lut85]. 

Notation 

- K + := [0, +00) is the set of non-negative real numbers; 

- ei, e2, e3 denotes the standard basis in K 3 ; 

- we decompose x £ M 3 as x — (x±,X2,Xs) — (x, X3) with iel 2 and x% G M; 

- a ■ b denotes the scalar product of the vectors a, b; 

- M. d denotes the space of d x d real matrices; 

- Mg ym denotes the set of d x d symmetric matrices 

- M(V) denotes the set of bilinear forms over the vector space V. 

- M sym (V) denotes the set of symmetric and bilinear forms on V. By L 2 (S; M sym (T S)) we denote the 
quadratic forms on the surface S, whose coordinates belong to L 2 . We use similar notations for other 
regularity assumptions. 

- sym A — 1/2 (A + A 1 ) symmetric part; 

- SO(d) := { R E M d : R l R = I, det R = 1 } is the set of rotations of R d ; M 3 . 

- we denote the components of a vector (or vector field) c by c Q := c • e a ; in particular we denote by c the 
vector (ci, 02)'. 

- d a y denotes the partial derivative of y in direction e a . We set Vy := (diy, d^y) and define the scaled 
deformation gradient as V^y := (Vy, hdzy). 
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- e and h denote generic elements of vanishing sequences of positive numbers {e} and {h}, respectively; 

- A < B means that the inequality holds up to a multiplicative constant that only depends on the reference 
domain S 1 and the constants of ellipticity a, (3 as well as the constants 771, 772 defined in (2) . We write 
A <C B if the constant is much smaller than 1. 

- for simplicity we will write dx instead of dH 2 (x) to denote integration with respect to the two-dimensional 
Hausdorff measure on the surface. 

LP(D;R d ), H 1 ^;^), W 1 ' p (D;R d ), H^(D;R d ), and Wq' p (D; R d ) denote the standard Lebesgue, Hilbert 
and Sobolev spaces of maps from D to R d , and the associated subspaces of functions vanishing on the 
boundary dD (in the sense of traces); if no confusion occurs, we tacitly write L P (D), H 1 (D), ... or even 
simply L p , H 1 , .... In this paper we frequently encounter function spaces of periodic functions. We de- 
note by y the real line R equipped with the torus topology, that is y+l and y are identified in y. We 
write C{y) to denote the space of continuous functions / : R — >• R satisfying f(y + 1) = f(y) for all 
y G R. Clearly, C(y) endowed with the norm ||/||oo := sn P y eY \f(u)\ i s a Banach space. Moreover, we 
set C k _{y) := C fe (R) n C(y) and denote by L 2 (y), H l (y) and ^(Sxy) the closure of C°°(y) and 
C°°{S; C°°(y)) w. r. t. the norm in L 2 (Y), H X (Y) and H^SxY), respectively. By L 2 (y), H k (y) we 
denote the subspace of functions H k (y) whose mid-value over y is zero. Obviously, all these spaces are 
Banach spaces. For A C R d measurable and X a Banach space, L 2 (A; X) is understood in the sense of 
Bochner. We tacitly identify the spaces L 2 (A] L 2 {B)) and L 2 (A x B); since whenever / £ L 2 (A x B), 
then there exists a function / G L 2 (A; L 2 (B)) with f — f almost everywhere in A x B. 



2 General framework 

We assume that uj C R 2 is a bounded domain of class C 3 , we set I := (—5, \) and fl h := w x (hi), and 
f2 := lj X I. We assume that the limit 

7 := lim 4t 

exists in [0, 00]. We will frequently write s instead of e(h), but always with the understanding that e depends 
on h via 7. 

Let S be a compact connected oriented surface with boundary which is embedded in R 3 . For convenience 
only, we assume that S is parametrized by a single chart: From now on, ip G C 3 (oJ;R 3 ) denotes an 
embedding with ip(u)) = S. The inverse of tp is denoted by r : S — > u, and we assume it to be of class 
C 3 . We leave it to the interested reader to verify to which extent these regularity assumptions on S can be 
weakened without altering our arguments. 

By n : S — > § 2 we denote the unit normal; more precisely we set 

ditp(x) A d 2 t(j(x) 
\diip\x) A 02ip(x)\ 

By TxS we denote the tangent space to S at x, and 

U(x) = Vn(x) 

is the Weingarten map on S. 
For a subset A C S we set 

A h = {x + tn(x); x G S, -h/2 < t < h/2}. 
In particular, the shell is given by 

S h = {x + tn(x); x G 5, -ft/2 < i < V 2 }- 
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The nearest point retraction of a tubular neighbourhood of S onto S will be denoted by ir. Hence 

ir(x + tn{x)) = x whenever \t\ is small enough. 

After rescaling the ambient space, we may assume that the curvature of S is as small as we please. In 
particular, we may assume without loss of generality that ir is well-defined on a domain containing the 
closure of S 1 = {x + tn(x); x G S, -1/2 < t < 1/2}, and that 

1/2 < \Id + m(x)\ < 3/2 

for all t G (-1/2, 1/2) and all x e S. 
By r e : S 1 — > we denote the map 

r e (x) — r(w(x)) + (x — 7r(x))e 3 . 

The variables on uj (resp. 0) will be denoted by £i , £ 2 (resp. £i,£2,7j). If g is a function on S (resp. S x ), then 
g denotes the function g = go r _1 (resp. the function g = go (r e ) _1 ), unless explicitly stated otherwise. 

We introduce the basis vectors of the tangent bundle determined by namely the push-forwards 

where e\, e 2 is the standard basis in K 2 . Explicitly, this means 

n(x) = (d^)(r(x)) fori = 1,2. 
By our hypotheses on ip there exist 771,772 > such that 

771 < det([Ti t 2 ] t [ti t 2 ]) < r? 2 , ||ri|| W 2,oo (s) < 773, ||r 2 || W 2,oo( S ) < 772- (2) 
We denote by (t 1 (x), t 2 (x)) the dual base to the base (t\(x), T2(x)), that is, 

t 1 (x) = (d^)(r(x)). 

Since by definition {t\(x), T2(x)} span T%S, for each x £ S, the vectors t\(x),T2(x) and n(x) form a 
basis of K 3 . Its dual basis is (r 1 (x), t 2 (x), n(x)). This motivates defining ts(x) — t 3 (x) — n(x). 
In general, for any vector space V and its base {rj}™ =1 and any operator B : V — > V or any B G M(V), 
we have 

Here and in what follows, {t 4 }" =1 denotes the dual basis to a given basis {n}™ =1 . 
Clearly, 

(r e ) - 1 (6 , 6 , t ) - V- (6 , 6 ) + tn ( V (6 , 6 )) , (3) 

and thus: 

Vfr 6 )- 1 ^!,^,*) - (/ + tn(x))[r 1 (x),T 2 (x),T 3 (x)], where x = 6) (4) 
Vr e (x) = [r 1 (x),T 2 (x),r 3 (x)] T (/ + ffl(x))- 1 . (5) 

With a slight abuse of notation, we also denote by n also the (negated) second fundamental form of S 
defined by 

Uij(x) := U(x)Ti(x) ■ Tj(x). 
In general for a given bilinear form B on S we denote its local coordinates by 

Bij := Btj ■ Ti. 

Obviously B = El 3 =i ByT* ® tK 
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Definition 2.1 (nonlinear material law). Let < a < (3 and p > 0. The class W(a, /3, p) consists of all 
measurable functions W : M 3 — > [0, +oo] that satisfy the following properties: 

W is frame indifferent, i.e. (Wl) 

W(RF)=W(F) forallFGM 3 , J ReSO(3); 
W is non degenerate, i.e. (W2) 

W{F) > a dist 2 (F, SO(3)) for all F e M 3 ; 

W{F) < /3dist 2 (F,SO(3)) for all F G M 3 with dist 2 (.F, SO(3)) < p; 
W is minimal at /, i.e. (W3) 
W(I) = 0; 

W admits a quadratic expansion at /, i.e. (W4) 

W(I + G) = Q(G) + o(\G\ 2 ) forallGeM 3 
where Q : M 3 — > R is a quadratic form. 

Definition 2.2 (admissible composite material). Let < a < j3 and p > 0. We say 

W : S 1 x M 2 x M 3 -> K+ U {+00} 
describes an admissible composite material of class W(a, /3, p) if 

(i) is almost everywhere equal to a Borel function on S 1 x R 2 x M 3 , 

(ii) W(-, y, F) is continuous for almost every y G R 2 and F G M 3 , 

(iii) W(x, -,F) is F-periodic for all x G 51 and almost every F G M 3 , 

(iv) W(x, y, •) G W(a, ft, p) for all x G 5 1 and almost every y G M 2 . 
Assumption 2.3. We assume that 

- W describes an admissible composite material of class W(a, f3, p) in the sense of Definition 2.2. 

- Q is the quadratic energy density associated to W through expansion (W4) in Definition 2.1. 

We collect some basic properties of admissible W and the associated quadratic forms Q; a proof can be 
found in [Neul2, Lemma 2.7]. 

Lemma 2.4. Let W and Q satisfy the assumption (2.3). Then 
(Ql) Q('j y, ') is continuous for almost every y G R 2 , 

f Q2) Q(x, ■, G) is Y -periodic and measurable for all x G S 1 and all F G M 3 , 

( Q3) far all x G S 1 and almost every y G R 2 the map Q(x, y, •) is quadratic and satisfies 

a\ symG| 2 < Q(x, y, G) = Q{x, y, symG) < (3\ sym G| 2 forallGeM 3 . 

Furthermore, there exists a monotone function m : R + — > R + U {+00}, only depending on the parameters 
a, j3 and p, such that m(5) — ¥ as S — > and 

VGGM 3 : \W(x,y,I + G)-Q(x,y,G)\ < \G\ 2 m(\G\) (6) 

for all ifS 1 and almost every y G R 2 . 
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For a deformation u h G H 1 (S h ;M 3 ) of a thin shell we assume that its elastic energy (scaled per unit 
thickness) is given by the nonlinear functional 

E h {u h ) = ± J^W(x, r -^glyu h )dx, 

where W(x, ■, ■) = W(x + t/hn(x), •, •), for some W that satisfies the Assumption 2.3. 

We will work under the following hypothesis: A sequence of vector fields (u /l )/ l >o C H 1 (S h ; R 3 ) and a 

sequence of positive numbers h satisfy: 

(H) limsup^/ w(x, r -^,Vu h )<^. (7) 

h^>0 " is' 1 

We want to discuss the limit, as h — > 0, of the functionals E h /h 4 . 

We will frequently deal with vector fields V : S — > R 3 on the surface. We extend all such vector fields 
trivially from S to a neighbourhood of S, simply by defining V(x) = V(tt(x)) for all x. We will denote by 
V the corresponding vector field along u>, i.e. we set 

V(£) :=V(^(£))forall£ew. 
The tangential part of V is denoted by V t!m , so that 

2 

i=l 

and 

V = V t , n + (V ■ n)n. 

We have 

(vL)i(0 = nv>(0)-(^)(0- 

We also introduce the quadratic form qy on S which is defined by its action on tangent vectors r, 77 g T±S 
as follows: 

qv{x){T,r,) = \{i 1 -d T V(x)+T-d v V{x)) 

In the geometry literature, this form is usually denoted by dtp ■ dV . In local coordinates, it is given by the 
matrix field 

sym ( (W T )VV"J 

on u. Obviously, 

sym ((V^») T VVtan) - sym VV - V ■ V, (8) 

where for brevity we have set (T ■ V)ij := X)fc=i 2 ^y^*- Here denote the Christoffel symbols of the 
metric induced by ip. For our purposes it will be enough to know that T G L°°(a;; R 2x2x2 ). Using (8) we 
see that 

sym ((W>) T w) = sym VV" - T ■ V + (V ■ n)IL, (9) 

were II denotes the pulled back (negated) second fundamental form. Equivalently, we have the following 
equality between quadratic forms on 5: 

W = q Vtm + (V ■ n)U. (10) 

It is well-known that the quadratic form qy typically arises in the context of thin elastic shells, because it is 
just the first variation of the metric of S under the displacement V. For example, in [GSP95] it is denoted 
(in coordinates) by 7 a/ 3 and in [LMP10] it is denoted by sym W. 
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In order to avoid too much geometric language, we will sometimes regard bilinear forms on S as matrix 
fields over S. For a given a matrix field A G L 2 (S, R 3x3 ), we denote by A tan (x) tangential part of A at 
x G S, that is 

Aan(£) = {Minify ■T j (x))T j (x)®T i (x). 

By A\t £ s we denote the restriction of the matrix field to T^S, i.e. the bilinear form on S defined by 

^(£)ks = Yj ( A (x)tj(x) ■ n(x)y(x) ® t3(x). 

i=l,2,3y'=l,2 

The lemmas are direct consequences of [FJM02, Theorem 3.1] and of arguments in [FJM06]. We refer to 
[LMP10] for the straightforward extension to the present setting. 

Lemma 2.5. For each sequence (u h ) satisfying (H) there exist a constant C > 0, independent ofh, and a 
sequence of matrix fields (R h ) C H 1 (S; R 3x3 ) such that 

R h (x)eSO(3), \/xeS,h>0, 

and there exists a sequence of matrices (Q h ) C SO(3) such that: 

(i) limsup^o ^HVw' 1 - i?' l 7r|| L 2 (S h) < oo 

(ii) limsup^^o i||Vi? ft -|| L 2 (S ) < oo 

(Hi) limsup^o \\\{Q h ) T R h - I\\ L p( S ) < °o> for all p G [l,oo). 

(iv) {Q h ) T R h ->• I strongly in H 1 . 

Moreover, there exists a matrix field A G H (5,30(3)) taking values in the space of skew symmetric 
matrices, such that (after passing to subsequences) 

(v) {{{Q h ) T R h -I) A, weakly in jJ^SjM 3 ). 

(vi) ± sym ((Q h ) T R h - i) ->• \ A 2 , strongly in LP{S; M 3 ), for all p G [1, oo). 

Following [FJM02] we consider the rescaled versions y h G H 1 (S 1 ; R 3 ) of u h given by: 

y h (x + tn(x)) = u h {x + thn(x)) VxGS'VtG/. (11) 

The advantage is that all y h have the common domain S 1 . 
Also define 

V h y h (x + tn(x)) = Vu h (x + thn(x)). 
For y G H 1 (S 1 ; R 3 ) we define y G H 1 (S x /; R 3 ), where S x I is a product manifold, by: 

y(x,t)=y{x + tn(x)). (12) 

For convenience we define d n y := dtjj = d n y. By a straightforward calculation we obtain: 

Lemma 2.6. Let y : S 1 — > R 3 be regular enough. Then, for each x € S, each t G I, each r ^T±S and all 
h G (0, 1] we have 

d T y h (x + tn(x)) = V h y h (x + tn(x))(I + thU(x))(I + ffl(x)) _1 r (13) 
d„y h (x + tn(x)) = hV ' h y h (x + tn(x))n(x) (14) 

i.e. 

Vy h (x + tn(x)) = V h y h (x + tn(x))(I h + thU(x)){I + m{x))-\ (15) 
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where 

I h r = t, I h n = hn, Vt e T £ S. 

Also we have 

Vy = Vy(j + tn(x)). (16) 

The volume element on the manifold S x I denoted by dxdt is related to the volume element on the manifold 
S , denoted by dS 1 in the following way 

dS 1 = det(J + tIL(x)) dxdt. (17) 

Moreover, 



E\u h ) = J ^W(x,^^,V h y h {x))det[(I + tMl)(I + tU)- 1 ]dx 

= [ J W(x,t, V h y h (x + tn)) • det [l + thU(x)] dtdx. 
J S *> I 

The following identity is also true for an arbitrary r E T%S 



(18) 



d T j ydt = J d T ydt. (19) 

Under the assumption (H) we have that 

limsup | ^E h {u h ) - ^I h (y h )\ = 0, (20) 



where 



I\y h ) = ^ i ^(x,«l,V /l y' l ( a; ))d G t[(/ + tn)- 1 ]dx (21) 
W(x,t, r ^,V h y h (x + tn))dtdx 



SJI 

A given function / : S 1 — J> S, for some set S, will sometimes regarded as a function on (x, t) 6 S x I. As 
for vector fields, we also extend matrix fields trivially to S 1 by the formula R h (x) = R h (-K(x)). 

Lemma 2.7. Assume that (H) is satisfied and let A be as in Lemma 2.5. Then the following are true: 

(i) limsup^o j?\\V h y h - i?' l || L 2 (s i) < oo. 

(ii) j[((Q h ) T V hy h — I) — v A, weakly in H 1 up to a subsequence. 
Set y h G H 1 (S 1 ;M. 3 ) and averaged displacements 

t = (Q h ) T y h - c\ V h ([y h }) = \f (y h (x + tn(x)) - x)dt, (22) 



hjj 

where c h — j s Jj ((Q h ) T y h — xj dt dx, so that j s V h = 0. Then (after passing to a subsequence) 

(Hi) y h -> it, strongly in H 1 (S 1 ;R 3 ). 

(iv) V h -> V, strongly in H 1 ^ 

(v) j^q V h is bounded in L 2 (S 

The vector field V in (iv) belongs to H 2 {S; M 3 ), and it satisfies d T V(x) — A(x)t for all t € T^S. 
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Remark 1. (i) In what follows we replace the sequence R h by (Q h ) T R h and the sequence y h by y h , so 
that we may assume without loss of generality that Q h = Id. 

(ii) The vector field V is an infinitesimal bending of S. This means that qv = 0, i.e., that 

sym ((Vtp) T VV) = djip ■ diV + diip •d j V = for all i, j = 1, 2. 



Infinitesimal bendings have been studied extensively both in the applied literature (see e.g. [CiaOO], 
[Cho97], [GSP95]) and in the geometry literature (see e.g. the references in [Horl2]). 

(iii) An infinitesimal bending V determines a linearized second fundamental form by, which can be re- 
garded as the first order change of the second fundamental form of the surface ip under the displace- 
ment V. In coordinates, the (negated) linearized second fundamental form of V is given by 

(b v ) t3 = n ■ {didjV - V%d k V\ 

where are the Christoffel symbols of the metric induced by ip, cf. [Horl2] and the references 
therein. The linearized second fundamental form also occurs e.g. in the analysis in [GSP95]. We will 
encounter the linearized second fundamental form in following guise: 



b v = (AU-V(An)) Vdn . 
Note that, in particular, the right-hand side is a quadratic form (i.e. it is symmetric). 



(23) 



(iv) The quantity A 2 occuring in Lemma 2.5 is just the quadratic form (dV) 2 on S, which in coordinates 
is given by 



(W) J (VF) =diV-djV. 



Proof of formula (23). In this proof we write V instead of V and n instead of n, and we set ay = n ■ didjip. 
By the Weingarten formula we have 

(AIl) zj = diip ■ (An.)djip = diip ■ (Ad 3 n) = -d { V ■ d 3 n = a)d^ ■ d k V, (24) 

where we use the common convention regarding the raising and lowering of indices. On the other hand, 

An = —n ■ dV, 

because by skew symmetry of A we have diip ■ An = — n ■ Adiip = —n-diV. 
Hence a short computation shows 

-{V{An)) i3 = -8^ ■ d dj4 ,(An) 

= aj'dfcV • d t V + n ■ djdiV + (n ■ d k V)d d k ^ ■ d^, 
- a*0 fc V • diV + n ■ (djdiV - T%d k V) . 

Adding this to (24) shows 



(AU) tJ - (V(An)) i3 . = a) {d^ ■ d k V + 8 k tP ■ d t V) + (b v ) tJ . 
The first two term cancels because V is an infinitesimal bending. 

Next we modify the vector field V h into a more regular Vg which still enjoys a similar compactness. 
Corollary 2.8. If (H) is satisfied and y h , V h are as above, then 

R h - 



□ 



lim sup — 



< 00. 



(25) 



L 2 



Moreover, there exists V s h € H 2 (S; R 3 ) such that 
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(i) limsup^o \ 


v v s h 











< 00. 



(ii) the sequence (V s )h>0 is bounded in H 2 (S; R 3 ) and weakly converges to V, up to a subsequence. 
(Hi) f s V s h = 0, Umsup^o i||V^ - V h \\& < oo. 

Proof. As in [NV, Proposition 3.1], we note that for given p £ if 1 (o),R 2 ), the Euler-Lagrange equation 
associated with the variational problem 

min / | Vw — p\ 2 dx 



is 



-Av = - V -p 
d u v = p ■ v 



in to 

on dti, 



subject to J^v dx = 0. Above, v denotes the normal on dCu. Since V ■ p £ L 2 , we obtain by standard 
regularity estimates that v £ H 2 (ui) under the assumption that dCu is C 1,1 . In this case, ||w||ij2(^) < 
||V-p|| L 2 ((X , ) + WpWl*^). 

Note that V h = \ Jj (y(x,t) - x)dt. The inequality (25) follows from (13), (15), (19), (i) and (ii) in 
Lemma 2.7. As usual, we denote by V h £ ff^R 3 ) the map V h = V h o ^i. By (25) we conclude that 



lim sup — 



VV n - 



Rr — I 



h 



V(r- X ) 



< oo. 



(26) 



We take p to be the i-th row of the matrix ^-j^-Vtp for i= 1,2,3. We define V s h £ H 2 (Cj; R 3 ) such that 
(Ys)i is the solution of the minimization problem mentioned at the beginning of the proof. Due to the fact 
that V s is the solution of the minimization problem we have that 



lim sup — 



R h - I. 



< oo, 



(27) 



L 2 



as the consequence of (26). Also from the elliptic estimate and from (v) in Lemma 2.5, we have that 
{Ys }?i>o is bounded in H 2 (lu; R 3 ). Now we define Vp :— V s o r. Then V s obviously satisfies (i) and (ii) 
of the Lemma. Item (iii) is easily obtained by adding a suitable constant for each h. □ 

Definition 2.9 (two-scale convergence). We say that a sequence g h £ L 2 (S' 1 ), weakly two-scale converges 
in L 2 to the function g £ L 2 (S X , L 2 (y)) as h — )• 0, if the sequence g h is bounded in L 2 (S X ) and 

lim / g h (x) ip(x, '-^rtp ) dx = // y) ^>(x, t/) dy dx 

for all ^ £ C^°(S 1 , C(y)). We say that g h strongly two-scale converges to g if additionally 

lim H^Hi^si) = \\g\\ms^xY)- 
Remark 2. It can be seen that the notion of two-scale convergence is equivalent to the following: 

Km/ g h ((r e )- 1 i^))^A^))^= II S^T^O^M^d^ 
for any V £ C c °°(rj; C°°(;y)). 
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If the meaning is clear from the context, we shall simply write g h — ^ g in L 2 (resp. g h g in L 2 ) for 
weak (resp. strong) two-scale convergence in L 2 . 

For the basic properties of two-scale convergence we refer to [Ngu89, A1192, Vis06]. It can be shown that 
if g h — ^ g then we have g h J-y <?(•, y)dy. Also it can be shown that if g h is bounded in L 2 (5 1 ) then it 
has subsequence which weakly two scale converges to some g G i 2 (5 1 ; L 2 (y)). By the extension in the 
normal direction one can define two scale convergence on the manifold S. We shall sometimes write the 
two scale limit g G L 2 {S l x y) in the coordinates (£, t, y) e.g. see Lemma 3.3. 

The following lemma summarizes the standard results about two scale and adapts them to a possibly curved 
surface. 

Lemma 2.10. (i) if{g h )h>o C H 1 (S 1 ) is bounded, then there exist g € ^(S^andgi G L 2 {S 1 ]H 1 {y)) 
such that, after passing to a subsequence, V<? — ! — ^ g, where 

9 = V50 + V y gi(x,y). 

(ii) if(g h )h>o C ff 2 (S' 1 ;R 3 ) bounded, then there exist g Q G H 2 ^ 1 ) and gi S L 2 (S 1 \ H 2 (y)) such 
that, after passing to a subsequence, 

where 

.9 = V 2 .go+ £ (d 2 yjyk9l (x,y)y®T k . 

j,k<2 

(Hi) if {g h }h>o bounded in H 1 (S 1 ;M. 3 ) then we have \7g h — '-^ g, on a subsequence, and there exist 
go € i/ 1 (S' 1 ;M 3 ) and g x G L 2 (S 1 ',H l (y; R 3 )) such that 

9 = ^9o+ J2 fiyg^y))..^ ®tK 

i<3;j<2 

(iv) if {g h }h>o bounded in 7? 2 (S' 1 ;]R 3 ) then we have V 2 g h — ^ g, on a subsequence, and there exist 
go G ^(S^K 3 ) and gi G L 2 (S 1 ;H 2 (y; M 3 )) such that 

9 = V 2 .g + ( d ly k 9iA^ v)V ® ^ ® r k 

i<3;j,k<2 

Proof. The proof follows easily from the analogous statements for the planar case. For the planar versions 
of (ii) and (iv) we refer to [Vel, Lemma 3]. □ 

3 Compactness and lower bound 

We denote by B the L 2 -closure of the set 

{q w :wEH\S-W i )}. 

Of course, both strong and weak L 2 -convergence yield the same set B. The set B is a closed linear sub- 
space of L 2 (S;M. 2 ym (TS)). The space B is also encountered in the context of shell models derived from 
linearized elasticity; see [SP89a, SP89b, GSP95] for details. 

Next we will identify the space of possible two scale limits of symmetrized gradients. The following 
auxiliary result is standard in the planar case, and it can be easily derived, e.g., using Fourier transforms. 
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Lemma 3.1. Let us suppose that B G L 2 (S; L 2 (y; M 2 ym (TS))), such that for every 

*€CZ°(u;C°°(y;M 2 sym )) 

which satisfies 

*n = mdl V2 F(y), * 12 = *22 - md 2 Viyi F(y), (28) 

for some tj) G C c °°(w), F G C°°(X) such that J y F(y) Ay = 0, 
we have that 

// B(x,y)-( V *y(r(i),|/)Ti(i)®Tj(jc))di/da = 0. 

TTien f/zere exisf wni^ite B £ £ 2 (S; M 2 ym (TS)) a«<i w G L 2 (S; i? 1 ^; K 2 )) swc/i */ia* 
B(x,y) = B(x) + (symV s w(i,;/)) y T , (i)«T , (i). 

i ,3 = 1,2 

In what follows, we will use the notation osc ' 7 s introduced in the appendix. For variety, we state and prove 
the next proposition in local coordinates; of course, this is equivalent to performing computations on the 
level of the surface. 

Proposition 3.2. Let (w h ) be a bounded sequence in H 2 (uj; R 3 ) such that 

is bounded in L 2 (u;;R 2x2 ). Then there exist w G H 2 (uj), wi G L 2 (u; H 2 (y-, R 3 )) and B G L 2 (uj x 
Y; K 2 ym) suc h ^at, after passing to a subsequence, 

V 2 w h ^ V 2 w Q + V 2 wi 

and 

± sym ((WfVt*/ 1 ) ^ B. 
Set B w = fy B(-,y) dy. Then the following are true: 

(i) Ife ^> h^> e 2 then there exists a unique v G L 2 (co; ij 1 (3^;R 2 )) such that 

B = B w + sym X7 y v. 

(ii) If h ~ e 2 and if we set lim^o = ^> then there exists a unique v G L 2 (lj\ H 1 (y; M 2 )) such 
that 

B = B w + symVjf H (w\ ■ n)U 

7i 

(7//) lfh<^e 2 , then there exists a unique v G L 2 (ui; H 1 (y-, K 2 )) such that 

symVjti + (wi ■ n)U = 0. 

Proof. The existence of wo and w\ is standard. Define w by setting (tDi)j = w\ ■ diU. We claim that if 
h <C e then u)i = 0. In fact, by the results in the appendix, 

symVw' 1 osc , 7 . 

^symVyWi (29) 

and 

>■ ioi. (30) 
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Note, however, that 



strongly in L 2 



because is bounded in L 2 and h <C e, and that 



W osc,7 



because w h is strongly precompact in H 1 . Hence 



and similarly 



sym Vju osc,7 



0. 



Thus (29) implies that sym W y wi — 0. Hence Korn's inequality and the known properties of wi imply that 

Wi = 0. 

Now let F € C°°(y) and tp £ C °°(o;). 



With (8) in mind, we compute: 

I symVw' 1 : (cof V 2 F) (-) 

J to ^ ^ ' 



p 



e z I sym Vw h : cof 



= -e 2 / symVw' 1 : cof 



V z [F 

2 



(VF) - ) ® Vy> - F - V> 



e 



(VF) - <g>V<? + F - V> 



We used that the term sym Vii is L 2 -orthogonal to test matrix fields of the form cof V 2 /. From this and 
from (8) and (30) we deduce that 



Qtan 



(cof V 2 F) (-) 



<P 



sym Vw 



7.1 1 



cof 



2(VF) ( - ) ® V</j + eF ( - ) V> 



r • u) 



7,ft 



: (cofV 2 F) (-) 



[sym^V^! (•,?/) :cof [2(VF) (y) ® Vp] + (T • «>i(-, J/)) : (cofV 2 F) (y) ^] 



This is zero because iyj = 0. 
Using (9) and (30), we conclude that 



Urn / %r ; (cof V 2 F) (-) if = lim f ■ n)H : (cof V 2 F) f- 



P 



K(-,2/)-n)n: (cofV 2 F)(2/)^. 



(31) 



In cases (i) and (ii) we therefore have 



(cof V 2 F) (- )<p 



lim — 

fi->o h 



Hence Lemma 3.1 shows that there exists v such that 



( Wl (;y)-n)U: (cof V 2 F)(y)^. 



q h 2j ( e 2 

— — A Bn, + symV„u + lim — I (wi ■ n)II. 
ft, \fc->0 ft, ' 



13 



This concludes the proofs of cases (i) and (ii). 

For the case (iii) we argue differently: then we know that q h /e 2 —> strongly in L 2 . Hence the left-hand 
side of (31) converges to zero, so 



K(- l2 /)-n)n: (cofV 2 F)(y)^-0, 



xY 



which by Lemma 3. 1 implies the claim. 

Lemma 3.3. Let (w h ) h>0 C H 1 (S 1 ;R 3 ) be such that 

limsup ( \\w h \\ L 2 + \\SI h w h \\ L 2 ) < oo. 



Then there exists a map wq G H 1 (S; R 3 ) and afield H 1 G L(S x I x y-, M 3 ) such that 

3 



i? 7 = < 



^2 {^yWl,W 2 )t 1 ®T 3 

»J=1 



for some 
ifl = 0, 



miGi'^fi^yiR 8 )) 
«; 2 e L 2 ^ x y x /;R 3 )) 



^ fV^i.i^ljT*®^ for some wi G L 2 (S, H 1 ^ x 3^;R 3 )) 

i J = l 

z/7 G (0,oo), 

ioi e L 2 (S x /^(^R 3 ))' 



for some -j 
jf 7 = oo, 



w 2 € i 2 (5 x 7;R 3 )) 



iwc/i f/zaf, m/7 to a subsequence, w h — > Wq in L 2 and 



□ 



(32) 



V 1 h,w h — ^ Vwq(7 — n ® n) + weakly two-scale in L 2 



Here, wq is defined by 

Wo (x) = J w h (x,t)dt. (33) 

Proof. The lemma is an analogue of Proposition 6.3.5 in [NeulO], adapted to the manifold 5 1 and the 
definition of two scale convergence on the manifold. Thus we will only prove the case 7 G (0, 00). Since 
the sequence is bounded in H 1 norm there exists a weak limit u>o G H 1 (S 1 ; R 3 ). Let us denote by w h , wo 
the elements of if^Q; R 3 ), defined by: 

w h = w h o(r e )-\ ffl„ = w n o(/)- 1 . (34) 

By the Proposition 6.3.5 in [Neu 10], which is proved for planar domains, wo does not depend on t and there 
exists wi e L 2 (uj; H 1 ^ x y; R 3 )) such that: 

V h w h ^ (VftSo, 0) + (V t >!, ±d t wi). (35) 



Here we have denoted Vft.1I)' 1 := (V^w h , i<9 t u> /l ). Let us define uii := wi o r e . Then we have that 
ibi G L 2 (S;H 1 (I x ^;R 3 ))- Using (4) and (15) we conclude 

y h w h = Vw h (i + m)(i h + thn)- 1 (36) 
= Vw h [ T \T 2 ,t 3 ] t (i + my 1 ^ + m)(i h + thuy 1 

= V h w h [T\r 2 ,r 3 ] T (I + thU)-\ 
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By using (35) we conclude that 

V h w h ^ ((V^ )or,0) [t\t 2 ,t 3 ] t + (V y w 1 ^d t w 1 )[r\r 2 ,T 3 } T (37) 

3 

= Vw (I - n(g)n) + E (VyWi, ^tWi),^' ® r J , 

where (wi), = wi ■ r,. The last property follows from the fact that u>o does not depend on t. □ 

The following definition is important for defining the relaxation fields. 
Definition 3.4. For x £ S we define the following operators 

U : H'^R 2 ) x L 2 (I x ^;R 3 ) -> L 2 (I x y ; M 3 ym ), 

%(C,ff) = { E Myr^r^ :.W ( Sym ^ C 32 

: J^CVjR 2 ) x i7 2 (^) x L 2 (7 x ^;M 3 ) -> L 2 (I x y ; M 3 ym ), 

I «,j=l \ (31, .92) 33 



syrn / 



Ul ni : H^y-^M 2 ) x H 2 (y) x L 2 (7 x y ; R 3 ) L 2 (7 x y ; 
W 1 ' 71 (C,^3) = j E ^Or^ : 

I i,j=l 

M =( BymV,C+^^(x)-tV> £ 

(31, 32) 33 



: ^(JiH 1 ^;! 2 )) x ^(J;]! 1 ^)) x I 2 (/;l 3 ) ^ L 2 (J x j;;^ ym ), 

f 3 / . V7 f 9 yi 1p + Ci 

^ (C, V>, c) = I E M « T * ® ^ = M = ^ ym ^ + c 2 

I j,i=i \ V y ^+(ci,c 2 ) c 3 

U-, : H l {I x ^;K 3 ) -> L 2 (/ x ;V;M 3 ); for 7 € (0,oo); 



(0) = { E MijT* ® r* : M - sym(V v 0, ±3 3 <«}, 



and function spaces of relaxation fields 

L 7 (7 x y;M 3 ym ) : = 3mW 7 , for 7 e [O.oo], Lg(J x ^;M 3 ym ) := 3mW ,; 
Lj' 71 = JmWo 1 ' 71 , for 7l e (0,oo) 

where by 3m we have denoted the range of the operator. 

Remark 3. It is easy to see, by using Korn's inequality, that L~ f (l x y, M 3 ym ) as well as Lq(I x y, M 3 ym ), 
L]' 71 (I x y, M 3 ) for 7 <E [0, 00] and 71 <E (0, 00) are closed subspaces of L 2 (I x y, M 3 ). Also by 
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using Korn's inequality it is easy to see (see also [Neul2, NeulO, NV]) that the following coercivity bounds 
are satisfied: 

IKIIIri + \\9\\b S \\mC,9)\\h, 

VC G H l (y;R 2 ),g G L 2 {I x y-,R 3 ), 

\\C\\ 2 m + Mm + \\g\\h < \K((,^g)\\h, 

VC G H\y; R 2 ), <fi G H 2 {y), g G L 2 (I x y- M 3 ) and 

K\\ 2 ^ + M^ + \\g\\h < \\K yi (C^9)\\l^ 

VC G H\y;R 2 ),p G H 2 (y),g 6 L 2 (I x y ; R 3 ) and 7l G (0, oo) 

iicn^ + w^ + wii < iiwooCc^cjiii,, 

VC g ff^yjR 2 ),^ g L 2 (/; J ff 1 (3')) 1 c6 i 2 (/;K 3 ), 

11^ < C( 7 )||W 7 (0)||| 2 , V^effV^iR 3 ). 
Here the constant absorbed into the symbol < depends on 771 , 772 - 

Remark 4. Notice that when IT = then all spaces Lq and L^' 11 coincide for 71 G (0, 00). This corresponds 
to the observation in the von Karman plate theory that for 7 = one obtains only one relaxation space, cf. 
[NV] for details. 

The following lemma is fairly straightforward; we refer to [NeulO, Corollary 2.3.4] for a proof. 
Lemma 3.5. Let (E% pp ) C L 2 (0; R dxd ) be such that 

E^ pp 2 ^ E app inL 2 (nxy;M d ). 

Then 

J {I + h?E% p Y{I + h?E% p ) -I 

^ - *2 sym E app in L 2 (fl x y-,M d ) 

Proposition 3.6. Assume that (H) is satisfied and let y h , V h , V^, V, A, R h be as above. Let (p G 
L 2 (S;H 2 (y)) be such that 

2 

V 2 (V s h ■ n) v 2 (An) + £ (d 2 ^y ® r\ 

and such that 

l n Ft 



Denoting by E h the strain 



h 2 

there exists 



E h , = y/(VHy h ) T V h y h -l ^ (3g) 



U 1 eL 2 (S;L 7 (Ixy;M 3 sym )) 



such that ( after passing to a subsequence) 
where E is given by 



E h ^E, 



2 

E = B - \{A 2 ) tan -t^2 (dy.y^y* (g) t 3 - tb v + U 7 . (39) 
Here, by denotes the linearized second fundamental form of the infinitesimal bending V. 
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Proof. By Lemma 2.10, there exists a subsequence such that E h E for some E. Denote by E!f the 
approximate strain 

{R h ) T V h y h - 1 



Kpp — 



h 2 



By Lemma 3.5 it is enough to identify the two-scale limit of sym Eft . Let us write 



Rhph V h y h - 1 R h -I 



h 2 



h 2 



(40) 



(41) 



We have sym(R h E^ pp ) — ^ E, because R h — > I boundedly in measure. By property (vi) of Lemma 2.5 
the symmetric part of the second term converges strongly in L 2 (and thus two-scale) to 4n. So we need to 
identify the two scale limit of sym Vh \pT 1 ■ We introduce the comparison maps 

z h (x + tn) = x + thn{x) + hV s h (x) - th 2 (\7V s h (x)) T n(x). 



Step 1. In this step we want to prove that the sequence 



h 2 



satisfies the hypotheses of Lemma 3.3. 



First we will bound the term 



h 2 



. By Poincare's inequality on the interval /, the properties (ii), (iii) 



of Corollary 2. 


8 and (vi) 










L 





dx — 



y h - x - thn(x) - hV s h (x) 



h 2 



Ax + 0(1) 



(42) 



Sxl 

0(1) 



y h - x - thh(x) - hV s h (x) 



h 2 



det(I + tU(x))dtdx 



< 



\d t y h - hn(x)\ 



Sxl 



h 2 



dtdx + 0(l), 



where limsup^^ l|0(l)[|i,2 < oo. We have dtjj h = d n y h = hVhy h n. From the property (i) in Lemma 
2.7 we conclude that 



limsup -ftp \\hVhy h n — hn — h(R h on — I)n\\ L 2 < oo. 

Using the property (iii) in Lemma 2.5 we conclude that 

limsup || KSIhy h n — hn \ \ L 2 < oo. 

Since we have dt y h = d n y h = hVhy h n we can conclude that indeed 



lim sup 



y h _ ^ 



K 2 



< OO. 



L 1 



Now we need to prove that lim sup^. 



L 2 



< oo. From (14) we deduce that: 



(V h z h )n = l/hd n z(x + tn) = l/hd t z(x,t) = n(x) - h(VV s h (x)) T n(x) 
Since we have from the property (i) in Lemma 2.7 that 



(43) 



(44) 



(45) 



limsup — 1| (V h y h - I)n - (R h o w - I)n\\ L 2 < oo, 

fc-K) h 



and by property (i) in Corollary 2.8 that 



lim sup 



-Hw s h ) T + ((R h r)\ TtS )' 



< oo, 



L 2 



(46) 



(47) 
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we can conclude, using (vi) in Lemma 2.5, that Vh y vr n is bounded in i 2 (S' 1 ). We have to check the 
tangential part. From Lemma 2.6 we obtain 



limsup ^\\d T y h - (R h on)(I + thU)T\\ L 2 (SxI) < oo, (48) 



for the arbitrary bounded tangential vector field on S . By using the property (iii) in Lemma 2.5 we 
conclude 

limsup -^\\d T y h -T-thUr- {R h o n - I)t\\ L 2 (SxI) < oo. (49) 

From the definition of z h and property (v) in Lemma 2.5 we conclude that 

d T z h = t + thH{x)T + hd T Vl l + 0{h 2 ), (50) 

where limsup^o ■p-||0(ft 2 )||z,2(5 X/ ) < oo, for any bounded tangential vector field r on S. By the 
definition of V we conclude that d T V h — 4 Jj(d T y h — r)dt. By integrating the equation (49) over the 
interval / we conclude 

limsup ^\\hd T V h - {R h o 7T - 7)t|U 2(SxI) <oo. (51) 
From the equations (49), (51) and (iii) in Corollary 2.8 we conclude 

limsup \\d T y h - r - thlir - hd T V s h \\ L 2 (SxI) < oo (52) 
From Lemma 2.6 and equations (50) and (52) we conclude: 

limsup -^||V, l (/-z' l )T|| i 2 (sl) < limsup ^||V(^-i A )|U«(sx/) < oo (53) 

Using Lemma 3.3 and the fact that Jj(y h — z h )dt — we conclude that there exists H 1 G L 2 (S x I x 
y;M 3 )) of the form given in Lemma 3.3 such that 

V,^^-^tf 7 , (54) 

on a subsequence. 

Step 2. Next we identify the two scale limit of the quantity sym Vh z h -i ■ Clearly, 

z h -I V h {V* o tt) - V„ {(th(VV s h ) T n) o tt) 
V h -p- = ~ h • (55) 

By Lemma 2.6 we have 

W h (V s h o tt) = Vy s ' l (7 + thIL)-\ (56) 
and using (iv) of Lemma 2.7 and the fact that 

Wil + thU)- 1 - (I -thU)\\ Loa < Ch 2 , (57) 

we conclude that 

i sym V h (V s h o tt) ^ £ - t sym (AIl) tan . (58) 

We easily obtain 

[V, ((t(V^) T n) o n) ] (an ^ -t(V(An)) mn + i £ (d^)r* g r*. (59) 
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Combining (58) and (59) we conclude that 

z h -I\ 2 



V "^) ^B + t (V(An) - sym (AU)) un - t ]T (d^V ® rK 

/ tan i 7 -_j 



Observe that 

z h - I [(W s h ) T n] oTT-n 



It remains to verify that 



V h (th[(VV a h ) T n] n) 



T 



2h 

We also can observe that 

(VV^t ■ n _ V h {[th(VV s h ) T n}oir)n-T 
2h 2h 

Also, using (56) and (57) we can see 

((VV s h )T-V h (V s h o7r)T-n" 



2h 

Using the fact that 



(60) 



^h^^n-n=± = 0. (61) 

h z h 



„ z h -I V h (y s h o7r)T-n-V h (th[(VV s h ) T n)oTT)n-T 
symV fe T-n = '- (62) 

V h (th[(VV!?) T n]oTt)T -n 
2h 

In the same way as in (59) we can conclude that 



■ n -> i/2V(An)r • n, strongly in L . (63) 



(64) 



t/2V(ATt)T • n, strongly in L 2 . (65) 



V(An)T ■ n - AUt ■ n = 0, (66) 
for any arbitrary antisymmetric vector field A, we deduce from (62)-(65) that 

Z h - I , 

symV/, — p5 — t • n — > strongly in L . (67) 
h z 

From (60), (61) and (67) we conclude that 

ft j 2 

S ymV h ^^ + t(symV (An)) ^-t sym (An) ^-tJ2( d ly^y® rj - ( 68 ) 

Step 3. We conclude from (54) and (68) and from (23) that 

2 

E = B - \{A 2 ) - t (dy m <Py <8> r j - tbv + % (69) 

i>j=l 

for some U 1 £ L 2 (S; L-,(I x y, M* ym )). By defining 

U 1 := U-y - \(A 2 n ■ n)n <g> n ~ \(A 2 n ■ n)(n ® n + t\ ® n) - ±(A 2 n • r 2 )(n <g> t 2 + r 2 <8> n), 
and noticing that XJ 1 e L 2 (S'; £ 7 (7 X 3^; Mf ym )), for all 7 <E [0, 00] we obtain (39). 

□ 

Corollary 3.7. Under the hypotheses and using the notation of Proposition 3.6, and setting B w = J y B(x, y) dy, 
the following are true: 
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(i) If"f e (0, oo] then there exists U 1 € L 2 (S; L 7 (J x y,M% ' )) such that 



S = ^-i(A 2 ) to „-t6,/ + C/ 7 . (70) 

(w) //e 2 < /i < e, there exists U <E L 2 (S; L%(I x M 3 ym )) and (p G £ 2 (<S; ij 2 (^)) smc/z fto 

£ = J B tu -i(A 2 ), fl „-^ + C7. (71) 

(wi) Ifh ~ e 2 , with lim/i^o x = -7 £ (0, 00), f/zere exto C/ <E L 2 (S; L\(I x ^, M 3 ym )) such that 

E = B w -\{A 2 ) tan -tb v + U. (72) 

Proof. All claims follow from Proposition 3.2 and from Proposition 3.6. For the case (i) one uses that, for 

7 £ (0,oo), 

7 -o, i -^_ r 



sym(V y ,l9 3 )| tf M *> )=( [ W " , (73) 



7 1 



□ 



Lemma 3.8. Lef (/) C K 3 ), rfe/wte E h by 



^J(V h y h ) T (y h y h ) = I + h 2 E h (x), 



and assume that E — — E 1 . 77ie/2 we ftave; 



liminf/ Q( x /<lMl 7 E h (x))dx> f f Q{x,y,E{x,t,y))dtdydx. 
h ~^° Jsxi JsJixy 

liminf ^( X; rW£l) ;/ + / l 2^ (a , ))dx > 

/ / Q(z, y,E(x,y))dtdydx. 
J s J ixy 

Proof. For the first claim we refer to [Vis06, Vis07]. The second claim follows from a standard truncation 
argument in combination with (i). □ 

The lower bound part of Theorem 4.5 and Theorem 5.3 is now a direct consequence of Proposition 3.6, 
Corollary 3.7 and of Lemma 3.8. 

4 Upper bound 

For 7 S (0, 00] we define the mappings Q 7 : S x M(T$S) x M (T £ S) -> K : 

Q 7 (i, Ml, M 2 J = inf /7 Q(x, t, y, M t \ n + tM 2 n + u) dt dy, (74) 
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(75) 
(76) 



Also we define for 71 € (0, 00): 

Q°o(x 1 M^M 2 a ) = inf ff QU,t,y,M^ + tM^ + u)dtdy, 

Q 1 ' 11 (x,M^,M 2 J = 

inf /7 Q(x,t,y,M^ + tM^ + u)dtdy. 

U€L 1 -' ,1 (Ixy;Ml ym )JJlxy V 7 

The following two lemmas and remark are analogous to [NV] [Lemma 2. 1 0, 2. 1 1 ] . 
Lemma 4.1. For 7 G (0, 00] there exists a bounded linear operator 

II 7 : L 2 (S,M 2 (TS)) x L 2 (S, M 2 (TS)) -> L 2 {S,L 7 (I x ^,M s 3 ym )) 

SMC/l f/lflf 

a. for all M} an , M 2 n £ C{S, U(TS)), the field (x, t, y) h-> II^M^,, M^ n ](i, t, y) is equivalent (up to 
a null-set) to afield in C(S, L 7 (I x y, Mg )), 

b. for almost every x £ S we have 

Q 7 (x,M^,M 2 n ) = [[ Q (x,t,y, M} an + tM 2 n + II 7 [M^„, M 2 n ] ) dtdy. 

JJlxY 

Using the previous lemma one can readily derive the following properties for Q 7 : 
Lemma 4.2. The mapping Q 7 : S x M 2 (T :i S) x M 2 (T £ 5) ->■ M+ saft's/ks 

( 67-?) Q7 is continuous 

( Q~[2) <2 7 (i, •, •) is quadratic and 

(I sym Af^l 2 + I symM^J 2 ) < Q 7 (x, M*,, M 2 „) = Q 7 (£, symM^, symM/J 

< |symM^| 2 + |symAf 2 „| 2 

/or all M} anl M 2 an £ M 2 (T £ S) and x £ S. 

Lemma 4.1 and Lemma 4.2 remain true for the quadratic forms Qq, Qj' 71 , the spaces Lq(I x y; Mg ym ), 
Lq' 71 (I x y-, Mg ), and the appropriate operators 

: L 2 (S, M 2 (TS)) x L 2 (S*, M 2 (T5)) -> i 2 (5, Lg(/ X ^Mj^J) 

and 

nj' 71 : L 2 (S*,M 2 (TS)) x L 2 (S*, M 2 (T5)) -> L 2 (S, ij' 71 (I x ^.M^J) 
for 71 G (0, 00). 

Remark 5. We discuss the cell formula in the limiting cases 7 = and 7 = 00. 
(i) In the case 7 = 00 define 

r 3 / , v /■ d Vl ip + ci 

/.,;/ x J-': Mf ym ) := J] MtfT* : M ^ ^ ' " C « + c 2 

I »j=i \ V y V + (ci,c 2 ) c 3 

C £ H\y,R 2 )^ £ H\y), c £R 3 \. 
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Also define 



oo (x,t,M* ll ,M* a ) = _ inf f Q(x,t,y,M^ + tM^ + u)dy. (77) 

It is easy to see that is, for a fixed x £ S,t € I,a quadratic form in Mi, Mi. Then 

Qoo (x, M^, Mi) = / Qoo (x, *, Mi, Mi) dt (78) 



(ii) Let us define as in [LMP10] 



Q 2 (x, t, Mi, Mi) = min {Q{x, t, M) : (Mi + tM^J - M) m = 0}. (79) 

Mel 3 

Let us also define 

L°(I x y- M%J ■= \ Yl M ^ ® : M = ( sym V„C " ) , 

I i,i=l 

cefl- 1 (y.» 2 ).vGH 1! (y)|, 

Z^ 1 (/ x M s 3 ym ) := j E M « T< ® r ' : M = ( ^ VyC + (£) - iV> ) , 

It can be easily seen that we have for the cell formula 

Q°(x,Mi,Mi)= _ inf ff Q 2 (x,t,y,M t l + tAC n + u)dtdy, (80) 

ueL°(ixy-,ui ym ) JJixy v ' 

for i=0,2 i.e. 

g^(x,Mi,Mi) = (81) 

inf ff Q 2 (x,t,y,Mi n + tM? in + u)dtdy. 

ueL 1 ' n (ixy-ui ym )JJixy v y 

In the case when Q does not depend on t we have that 

Qg(i,Mi,Mi) = .inf f Q 2 (x,y,M^ + ^ (sym V^r 1 ®^') dy 

2 

+ inf f Q 2 {x, y, + V (V»yTi ® 73) dy, 



Qj^(i,Mi,Afi) = 

inf . ( f Q 2 (*, y, Mi + V ((sym V^k + ^Iltf)^ ® r*') ) dy 

+ ^ y 62(4, V, Mi + £ (V^yTj ® Ti) d^ 
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Remark 6. In the same way as in [NV] we can prove the following: For every M t * n , M 2 n € M 2 (TxS) and 
x G S we have that 



lim Q 7 (x,M^M 2 n ) = Q OQ (x,M^ l ,M { 

lim i O,(x, M^M* 

7— >o 



2 ) 

tan J 



2 ) 



Q° (x,M^,M 2 a ) 



We need the following auxiliary result concerning the linearization of the square root of a matrix. Its proof 
is straightforward by Taylor expansions. 

Lemma 4.3. There exists rj > and a monotone function m : (0, rj) — > R + such that m(S) — > as 5 — > 
and which satisfy the following property: 

Let{G h } h>0 ,{ Kh }h>o C L 2 (n,M 3 ) be such that 



(>>) 



limsup (|| symG^I^ + ||A*|| L «) < M. 

7i-s>0 



lim sup 



sym K h 







(iwj limsup^^g /illif^llioo < 5 , limsup^Q /i^HG^Uzoo < 5, for some 5 < rj 
(iv) limsup h ^ /i||G h |U 4 =0. 

Let us denote by 



and by 



Then we have 



h y/{j + hK h + h 2 G h Y(I + hK h + h 2 G h ) - I 
E ■ h? ' 



e: 



symG h ~-(K 



h\2 



(82) 



(i) 



(H) 



limsup \\E h - E% \\ L 2 <Mm(6), 



lim sup 



W(x, r -^glj + h 2 E h (x))dx 
Q( x ,r^Ml iE h ppix))dx < Mm (5). 



JSxl 



Sxl 



(Hi) if E^pp ' y E(x, y), strongly two scale, then we have 



lim sup 



1 

1? 



W(x,^^,I + h 2 E h (x))dx 



Sxl 



Q(x, y, E(x, y)) dt dy dx < Mm(S) 



s Jixy 
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Suppose V G H 2 (S; R 3x3 ) is an infinitesimal bending of S; hence there is A G H 1 (S; so(3)) such that 

d T V(x) = A(x)t, for all r G T S S. (83) 
Let B w £ B and define for 7 G (0, 00] the functional J 7 : ff 2 (S; R 3 ) x L 2 (S; M 2 {TS)) -> R by setting 

I 7 (F,BJ = f Q y {x 7 B w - \{A 2 ) tw , -by) dx, (84) 

and for 7 = 0, the functional J° : #2(5. R 3) x L 2^g. M 2 (T i S)) -> R 

/ °(V,B W ) = / Q8(4,Bt« - 5(^ 2 )ta„, -by) dc, (85) 
Js 

as well as for 71 G (0, 00) the functionals J^ 71 : H 2 (S\ R 3 ) x L 2 (S; M 2 (TS)) -> R: 

I^(y,B w ) = f Ql ni {x,B w - ±(A 2 ) tan , -by) dx. (86) 
Js 

Note that A in the last three formulae is just the quadratic form (dV) 2 . 

Proposition 4.4. For every B w £ B and for every infinitesimal bending V £ iJ 2 (5;R 3x3 ) of S, there 
exists a recovery sequence (it ) C H 1 (S h , R 3 ) such that the sequence (y h ) C H 1 (S h , R 3 ) defined by (11) 
satisfies the following: 

(i) y h -> 7T ifrongfy in H 1 (5 1 ;M 3 ). 

(w'J V 71 -> V sfrongfy in H l (S; R 3 ), w/iere V h is as in (22). 
(Hi) \q v u B w weakly in L 2 (S; M 2 ym (TS)). 

(iv) (a) lim^o j^I h {y h ) = Iy(V,B w ) if 1 £ (O.oo]; 
(ft) lim^o 7rr/' l (y' 1 ) = ig(V, S,,,) ife > ft » e 2 ; 

(c) lim^o £l h (y h ) = ^(V, ^ ~ £ 2 ««* lim ^o ^f- =: 

Proof. The proof is a modification of the proof of the recovery sequence in [LMP10], cf. also [FJM06]. 
Construction for 7 £ (0, 00]: 
Step 1. Approximation of B w 

By definition, for B w £ B there exists a sequence of vector fields w 6,h £ L 2 (S; R 3 ) such that q w s,h con- 
verge weakly in L 2 (S) to B w . Without loss of generality we may assume that w 5,h are smooth, j„ w 5 ' h = 
and (by possibly reparametrizing the sequence) that there exists a constant M\ > such that 

limsupft||Vw ,5 '' l || L 4 = 0, limsupft||V : V' /l || L 2 < M x ; (87) 

h->0 h^fQ 

limsupft 2 ||Vu; ,5 '' , || L cc =0, Iimsup ft 3 ]] VV^^ =0. 

These conditions are satisfied provided (see the case 7 = 0) 

limsupft||w <s, ' l ||vK 2 .°° = O, q w s,h — > B w strongly in 1? . (88) 

This can be accomplished by taking a strongly convergent sequence and reparametrizing it. 
Step 2. Approximation of V. 
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Let V G H 2 (S, M 3 ) be an infinitesimal bending of S, so there is a skew symmetric matrix field A € 
H 1 ^; M 3 ) such that d T V = A(x)t, for all r € T^S. 

We approximate V by a sequence w' 5 '' 1 g VK 2 '°°(S'; R 3 ) such that, for each <5 > we have: 



limsup \\v s ' h - V\\ H i(s) =0, limsvLph\\v 5 ' h \\ W 2,oa( S ) <S 

h->0 h->0 



lim I {a G S;v 5 < h (x) ^ V(x)}\ = 0. 
ft-^o h 2 1 1 



(89) 



The existence of such ir ,ft follows by Proposition A. 5 in the appendix. Now we want to prove that such 
v S,h sa ti s fi es 

lim ~\\q vS ,4 L 2 (S ) =0. (90) 

Namely, since the Lipschitz constant of each \7v S ' h is bounded by j- and symVv S ' h = on the set {x € 

S;v s ' h (x) = V(x)}, we have: 

\q v e,K(x)\ < C±dist (x,{v 5 ' h = V}). 

Now we claim that j- dist (a;, {v S ' h = V}) converges to 0, in L°°(S). For otherwise there would be 
dist(a;\ {v 5 '' 1 = V}) > dh, for some sequence x G S and some G\ > 0. Consequently, denoting by 
B x h(r) the ball in R 3 centered at x h and radius r, we would obtain: 

|{j;e5;/''(j;)^y(3;)}|> 5 n B x >. (§ dist(a;' 1 , {V 5 '* 1 / 7})) > C 2 h 2 , 
contradicting (89). In the last inequality above we used regularity of the surface S. We thus obtain: 

q v s, h -> 0, (91) 

uniformly on S as h — > 0. On the other hand, 

\\\q v ^\\LHS) < ^\{xeS:v 5 > h (x)^V(x)}\ 1/2 ■ \\q v ».H\\ L ~ {S ) (92) 
< C\\q v s,h\\L^(s)- 

From this we deduce (90). 

Step 3. Defining the sequence y S ' h . 

Let us take p 5 e C* 1 (5; C* 1 (7 x}»;l 3 ) 

ando 5 G C l (S;C l (I x ^;R 3 )) and let us define a sequence of rescaled deformations y s > h G _ff 1 (S' 1 ; K 3 ): 

+ tn{xj) = x + hv 5Jl (x) + h 2 w S ' h (x) 

+thn(x) - th 2 (\7v S ' h (x)) T n(x) (93) 
~th\Vw 5 > h {x)) T n{x) + h 3 p 5 (i, t, Ig}) 

Notice that: 

(Vw 5 '' l (a;)) T n(x) = (Ht^ - V(v SJl n))(x). (94) 

Note also that if V G W 2 '°°(5') then one may take v S ' h — V in which case the term th 2 (Vv s > h ) T n is 
exactly —th 2 An. It is easily seen that y°> h for 6 fixed and h — > converge to 7r in i7 1 (S' 1 ). 
We also have: 

^[ y <5,fc] = + hw s ' h +he(h) j o 5 dt + h 2 J p s At, (95) 

-(jya.h = -5f„3,h +? w s,h +£(h)qf i0 s dt (96) 
p- 5 dt 
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Hence from (96) and (90) we deduce 

1 —r8,h 



syrnVr'" B w , weakly in L 2 (S;M 2 (T £ S)), 



lim sup 



-q v s,h < R[ limsup ||g 
n v h-yO 

+ limsup/i||gr s dt \\ L 2 ), 

for some R > 0. Notice that for that satisfies (88) we have 

limsup \\q w 6,h\\ L 2 = \\B W \\ L 2. 

Now let us look at the quantities Vhy S ' h - Lemma 2.6 implies that 

(V h y SJl )(x + tn)n = n - h(Vv S ' h ) T n - h 2 (Vw S ' h ) T n 

+/ 1 W + k(4o i (x,i,g,S), 
(V h y SJl )(x + tn)r = Vy S ' h (x + tn)(I + tU)(I + thtt)'^ 

= \I + hVv S ' h + h 2 Vw S ' h + thtt - th 2 V{{Vv h ' S ) T i 



-th 3 V((Vw SM ) T n) + th*V iP a (x, t, 



+th' i /e(h)V yP d (x,t,^)[ 



+h^ y o*(x,t,^)i 

i(S) 



+/ l 2 £ (/ l )V £0 5 (i, i, rfflMr 1 r 2 ] T (/ + tWIJ-V, 



for all t e T$S. Let us now define K h < s , G h > 5 : S 1 MP in the following way 



K 5 ' h (x + tn)n = -(Vv°>' l ) T n, 



S.h\T„ 



K"' n (x + tn)T 
G s ' h (x + tn)n 

G S ' h (x + tn) T 



Vv 5 ' h T, 



-Wv 



S,h 



(i + thny 1 - 1 



+ \Vw d > n - iV((V^ d ) J n) - thV{{Vw A - h Y n) 
+thS7 iP 5 (x,t, ^) + th/e W S7 y p s (x,t, ^[r 1 r 2 f 

i=l,2,3;j=l,2 

+e( h )W £ o s (x, t, ^[r 1 t 2 ] t ) (7 + tMl)- l T, 



where we have put a — o ■ tj for i = 1, 2, 3. Using the identity 

Vyvix.t.y)^ 1 t 2 ] t = dy^vix^-ny®^ 

+ X! 9 yj (v(x,t,y) ■ n)n(^T J , 
i=i,2 
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we can see that 



V h y s ' h = 1 + hK a > n + K Z G 



In what follows we shall assume that 



lim sup 



th/s(h)V y p d {x,t,^)[ 



(104) 



(105) 



Let us denote as in Lemma 4.3 



< h J{I + hK S ' h + h 2 G 5 > h Y(I + hK S ' h + h 2 G S ' h ) - I 
E ' := 



h 2 



and by 



E. 



6,h 



S ymG s > h -~(K 



1 



S,h\2 



(106) 



By using Sobolev embedding, the properties (87), (89), (90) we can easily prove (ii)-(iii) of Lemma 4.3. 
(iv) is a direct consequence of (87) and the facts 



limsup(/i||VV'' l || L 4) < limsnp(hJ\\V 2 v S ' h \\ L ^J\\y 2 v S ' h \\ L 2) = 0, 

h^0 h^>0 V V 



limsup^HVVl!^) < limsup(/i 2 v /||V 2 w' l || L oo V /||V 2 u;' 1 || L 2) =0, 

which follows from (87) and (89). Let us also notice that 

limsup (|| symG S ' h \\ L 2 + \\K s > h \\ L .) < \\B W \\ L , + \\V\\ H 2 + \\d tP s \\ L 2 



(107) 



+ \\° S \\l 2 (S;H 1 (I x^;R 3 )) + ^ + M l 



and 



Eapp ~ J ~^ Bw — \A 2 — tb\ 



(108) 



+d t p 5 3 n <g) n + - d tPi(^ ®n + n®T l ) 



i=l,2 



+ sym(\/ y d 5 (x,t,y),^d t d S (x,t,y)) ij T l ®T^ 
i,i=l,2,3 

where we have used identity (66) and where we have put p| := p s • Tj. 

The case 7 £ (0, 00). Let us take the sequence of functions A 5 £ C 2 (5';so(3)) such that lim^o \\A S 
A\\ H i = and define 



f a = t(A 5 ) 2 n ■ n, fora = l,2; j$ = £(A 



(109) 



Notice that for such defined p s , p 5 trivially satisfies (105). Let us now take o s £ C 1 (S; C X {I x y-, R 3 )) 



such that 

lim \\U 7 (5 S ) - IL / (B W - \A 2 W1 -b v ) || L 2 (5 . M3) = 0, 
where U 7 is defined in Definition 3.4 and the operator ELy in Lemma 4. 1. Let us define the function 



(HO) 



g(S,h) = \\y b - h --K\\ m + \\V^-V\\ m +d K ({q vS , hl B w ) 

I j_ 

I h 4 



+ \^I h (y h )-I-y(V,B w )\ 



Here d K : L 2 (S; M 3 ) x L 2 (S; M 3 ) -> R which is defined in the following way: For K > we know 
there exists a metric d K which defines the weak topology on the ball of radius K. We define: 



d K (M 1 ,M 2 ) 



d K (M 1 ,M 2 ),if\\M 1 \\ L 2 < K and \\M 2 \\v < K, 
+00, otherwise. 
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The constant K = K(R, \\B W \\ L 2, || V"||#2) we choose in a way that the right hand side of (98) is bounded 
by e.g. y — 1> which can be accomplished due to Remark 3 and (99). By using Lemma 4. 1, 4.2 and 4.3 as 
well as the properties (97), (98), (107) we have that 

lim sup lim sup g(S, h) = 0. 

By the virtue of the diagonalization lemma of Attouch (see Lemma A. 6) we obtain the existence of a 
sequence. 

The case 7 = 00. We choose again functions A s £ C 2 (S; so(3)) such that lim^o \\A S — A\\ H i = and 
functions f 4 £ C^C 1 ^ x y;K 2 )), ^ G C^SjC 1 ^ x y)), c s £ C 1 (5;C 1 (/;R 3 )) such that 

llmJ|W 0O (C^V/,c 5 )-^ oo (i? w -iA t 2 an ,-&y)IL2 (S;M 3 ) =0. (Ill) 

We now define 

oi = Ct for a = 1,2; = ^, 

^ = t{A s fn -n+ [ cl for a = 1,2; = U^fn -n+ [ 4 
J -1/2 1 J -1/2 

and repeat the same arguments as in the case 7 £ (0, 00). 

Construction for 7 = and lim/^o £ /' G [0, 00) : 

In this case the proof is similar as for the Step 1, but it is not allowable to take 5 s as above. Also one has 
to change the functions w ' . Let us again take A 5 £ C 2 (S; so(3)) such that lim^o \\A S - A\\ H i = and 
C 5 £ C 1 (S;C 1 (y;R 2 )),ip s £ C 1 (S;C 2 {y)),g s £ ^{S-C 1 ^ x y-, R 3 )) such that 

lim||W °(C 5 ,/,/)-n°(^ - ±Ai n ,~b v )\\ L2{s , M3) = 0, (112) 



in the case when lim^o it = i.e 



lim 

5^0 



h 

in the case when lim^^o ^7T~~ — ^7 G (0, 00). We define 



= 0, (113) 

L 2 (S;M 3 ) 



V S ' h = v s > h , 



~S,h S,h , e{hy Sf* r(x)\ 

o£ = Ca, fora=l,2; 5^ = 0, 



^ = t(A s fr i -n+ [ g s a (x,m,s)ds,foTa = l,2; 
J -1/2 

Pi = \{A s fn.n + f gi(x,$fi,s)ds t 



-1/2 

where is defined in (89) and w 5 ' h is defined by the property (88). Notice that w S ' h satisfies the condition 
(87) with Mi < C\\\y<p s \\, for some constant C > 0, independent of 8. Also using the following identities 

Vw 5 - h = \7w s ' h + 4rO(i), 
V((W>fn) = V((V W ^) T n) + i J2 ^A 1 ® ^ + ^O(l), 

to*." = 9^>* + £ ^(^ 5 (i, §nry) n ) n > 
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where limsup ft ^ ||0(l)||x,oo < oo we can repeat the same argument as in the case 7 G (0, 00). Namely, 
notice that the right hand side of (98) can be bounded, by a bound independently of 6, due to Remark 3 and 
(113) and due to the fact that the appropriate p s still satisfies (105). 



□ 

Theorem 4.5. Let W satisfy Assumption 2.3 and assume that (u h ) C H 1 (S h ;M 3 ) satisfies 

lira sup ^^ (V 1 ) < 00, (114) 

where 

E h {u h ) = 1 J^W(x, r -^l 1 Vu h )dx, 
W(x,y,-) = W(x + thn(x), y, •), V(x, t) £ S x I, for a.e y EY. 
Define {y h } h >o C i? 1 (S' 1 ;R 3 ) by setting. 

y h (x + tn(x)) = u h (x + thn(x)) Vx G S \/t G I. 

Then we have 

(i) (compactness). There exists a subsequence, still denotedby (y h ) that satisfies the following property: 
There exist {Q h }h>o C SO(3), {c h }h>o C R 3 such that the sequences y h :— (Q h ) T y h — c h and 

V h = i J (y h (x + tn(x)) - x)dt 

satisfy 

(a) y h -> 7T strongly in H 1 (S 1 ;R 3 ). 
(b) 

V h V strongly in H 1 ^; R 3 ) 
Moreover, V G H 2 (S; R 3 ) is an infinitesimal bending of S. 
(c) \q V K -± B w weakly in L 2 {S; M 2 (T £ S)). 

(ii) (lower bound). For every {u h }h>o C H 1 (S 1 ;M. 3 ) that satisfies (114) and (a)-(c) from (i) the following 
is true: 

(a) In the case when lim/ l _ ! .o = 7 £ (0, 00} we have that liminf^-^o jpE h {u h ) > Iy(V, B w ) v 
where I~ t is defined in (84). 

(b) In the case e 3> h 3> e 2 we have 

limm{^E h (u h )>I°(V,B w ), 

where I® is defined in ( 85). 

(c) In the case when h ~ e 2 and 

lim ^r— = — G (0, 00) 

we have that lim inf »,,_> ^E h (u h ) > I]' 11 (V, B w ), where I^ 1 is defined in (86). 

(Hi) (recovery sequence) For any infinitesimal bending V G H 2 (S 1 , R 3 ) of S and any B w G B there 
exists (u h ) C H 1 (S h ; R 3 ) smc/z that (114) and (a)-(c) of (i) are satisfied with Q h = I and c h = 0. 
Moreover, equalities hold in the appropriate cases (a)-(c) of (ii). 
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5 Convex shell 



In this chapter we shall identify the T-limit for convex shells in the remaining case, i.e. h <C e 2 . We want 
to demonstrate the stronger influence of the geometry in this case. We work under the assumption that there 
exists C > such that 

TI(x)t -t >Ct -t,Vx e S,t eT £ S. (115) 
Definition 5.1. For £ 6 S we define the following operator 

Ul' c : L 2 (y;M 2 sym ) x L 2 (I x ^;R 3 ) -> L 2 (I x ^M^J, 

l4'°{B ,g) = I M V ri ® r ' : M = 




and function space of relaxation fields 



L 2 ' C (I x y- M 3 ) := 3mW 2,c . (116) 



-2,c 



Again as before it can be seen that L ,C (I x y-, M 3 ' ) is a closed subspace of L 2 (7 x ^; M 3 ym ). We also 
define the functional J„ ,c : H 2 (S;M. 3 ) x L 2 (S; M 2 (T £ S)) -> M 



/ 2 ' C (F,S W ) = / Q^' c (x,S w - i(A 2 ) tan , -6v) di, (117) 
./s 

with the quadratic form 

Ql' c (£,M^ n ,M 2 n )^ o inf ff Q(£,t,y,M t l n + tM 2 dn + u)dtdy. (118) 



(7eLJ' c (/xy;M3 ym ) JJlxy 

As before, it is easy to see that the definition is equivalent to the following one: 

Ql' c (£,M^M 2 n ) = (119) 



. inf // Q 2 (x, t, y, M t \ n + tM 2 a + V (B ) ijn <g> r,) df dy. 
B„eLi(yMi yin )JJi x y V .j^ 

In the case when Q does not depend on £ we have that 

r 2 

Q 2 ' c (£,M^,M 2 n ) = . .inf / Q 2 (£,y,M^ + ^ (5 )^r' ^r^dy 



1 

12 



g 2 (x j2 /,M 2 n ) dy. 



Under the assumption (115) it is well-known that B = L 2 (S, M 2 ym (TS)), cf. e.g. [CiaOO], [LMP10]. Thus 

2 c 

if one wants to additionally to relax the functional I ' with respect to B w , one in this case obtains the 
functional Iq C : H 2 {S; R 3 ) -> R 

4 2 ' C (^) = 4 / S 2 (x,6y)di. (120) 

This functional is the same as in the ordinary von Karman model. For the form Qq' c one can make assertions 
analogous to Lemma 4.1 with the appropriate operator I1q' c and Lemma 4.2. We introduce the space 



feez 2 , |fc|<n, fc^O 



n e N and c fe g Cft(£; C) with c fe = c~ fc j. 



By Fourier transform it can be easily seen that FL(S; C°° (y)) is dense in L 2 (S; H m (y)), for any m € No 
The following lemma resembles Lemma 3.3 in [Sch07]: 
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Lemma 5.2. Assume (115) and let B e L 2 (S; L 2 (y; M 2 ym (TS))). Then there exist unique w e L 2 (S;H 1 (y-,R 2 )) 
and (p G L 2 (S; L 2 (Y)) such that 

(symVyw).. + Lpll i: j = (B )ij, for every i,j = 1,2. (121) 

Moreover, if (B D ) tj 6 FL(S;C°°(y)) for every i,j = 1,2 then w t £ FL(S\H 1 (y)), for i = 1,2 and 
<peFL(S;H\y)) 

Proof. One possible proof is to apply the operator curl y curl y to both sides of (121), which leads to the 
PDE 

cof II : V 2 ^ = curly curl y B, 

which by virtue of (115) is an elliptic PDE with constant coefficients (for each x). We prefer to give a direct 
proof. 

There exist b k A such that for all i,j = 1,2: 



* = 6- fe 
xj u ij 

fcez 2 fcez 2 



(B„(*,lO)« = b U*) e2Tik ' V > where E \\ b U^ < °°>^ = b 
We assume that for i = 1, 2: 



(/>,■ 



^ c*(i)e 2 ™ fc ^ ^ = cj k , c°j = 

feGZ 2 

and 

<p = d k {x)e 2 * lk -y, d k = cT fc , d° = 0. 

kei 2 

The equation (121) is equivalent to the following problem for every (ki , k 2 ) € Z 2 find complex coefficients 
c k , b k 4 , d k such that 



kic k + d k IL n = b k u 
hk 2 c k + ki4) + d k H 12 = b k 12 

k 2 4 + d k n 22 = 4j- 

By (2) and (1 15) it is easy to see that there exists C > such that the discriminant is bounded from below 
by C(k\ + k 2 ). Using this it follows that there exists C > such that 

2 2 

\d k ( X )\ 2 + \k\ 2 \c k m 2 < C(J2 i^(*)i 2 ),v£ 6 S. 

i=X — \ 

Now all claims follow easily. □ 

Theorem 5.3. Assume (115) and that h <C e 2 and that W satisfies Assumption 2.3. Let(u h ) C H 1 (S h ;M 3 ) 
satisfy 

limsup ±sE h (u h ) < oo, (122) 



= 1 j W(x, r -^,Vu h )dx, 
W(x,y,-) = W(x + thn(x), y, •), V(i, t) e S x I, for a.e y EY. 
Define (y h ) C tf 1 ^ 1 ; K 3 ) fey 

+ tn(f )) = + thn(x)) Vx E S, te I. 

Then we have 
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(i) (compactness). For every subsequence of (y h ) there exists a further subsequence, still denoted by 
(y h ) that satisfies the following property: There exist {Q h }h>o C S0(3), {c h }h>o C R 3 such that 
the sequences y h := (Q h ) T y h — c h and V h := j l Jj (y h (x + tn(x)) — x)dt satisfy 

(a) y h -> 7T strongly in H 1 (S 1 ;R 3 ). 

(b) V h — !> V strongly in R 3 ). Moreover, V G H 2 (S; R 3 ) is an infinitesimal bending ofS. 

(c) \q V K B w weakly in L 2 (S;M 2 {TS)). 

(ii) (lower bound). For every {u h }h>o C H 1 (S 1 ;M 3 ) that satisfies (122) and (a)-(c) from (i), we have 

\immf ±E h (u h ) >I^ C (V,B W ), 

where Iq ,c is defined in (117). 

(Hi) (recovery sequence) For an arbitrary infintesimal bending V G H 2 (S 1 ,M. 3 ) and B w G B there exists 
{u }h>o C H 1 (S h ;M 3 ) such that (122) and (a)-(c) of (i) are satisfied with Q h = I and c h = 0. 
Moreover, equality holds in ( ii). 



Proof. We will only give the sketch of the proof since it is analogous to the previous cases. Since V is an 
infinitesimal bending, we have 

d T V(x) = A(x)t, for all t G T$S for some A G H 1 ^; so(3)), (123) 

Let us assume as in Proposition 3.6 that 

2 

V 2 (V s h ■ n) ^ \7 2 (An) + £ {d^V ® r\ 

for some \p G L 2 (S; H 2 (y). Using (iii) of Proposition 3.2 as well as Lemma 5.2 we conclude that tp = 0. 
Thus from Proposition 3.6 we conclude that for E h defined in (38) we have E h — '-^ E(x, y) where 

E = B-\{A 2 \, n -tb v + U, (124) 

forsomef/ G L 2 (S; Lq(I x y-, M 3 ym )). The lower bound easily follows from Lemma 3.8 and the definition 
of the functional Jq'°. 

To prove the upper bound we follow the proof of Proposition 4.4, the case 7 = 0. Namely, let us again 
take A s G C 2 (S; so(3)) such that lim«5^ \\A 5 - Mh 1 = and B i sucn tnat f° r ever Y hi = I, 2 , 
(B% G FL(S;C°°(y)), g s G C l {S;C x {I x y-, R 3 )) and 



lim 

5->0 



l4' c {B s ,g s ) - U 2 ' C (B W - \A 2 aal -b v ) 



= 0. (125) 

L 2 (S;U 3 ) 



We define 



c£ = & for a = 1,2; 0, 

pi=t(A 5 ) 2 n-n+ [ g s a , for a = 1,2; p s 3 = t -(A s ) 2 n-n+ f g 5 3 , 

J -1/2 Z J -1/2 

where v S ' h is defined in (89) and w S ' h is defined by the property (88). By Lemma 5.2 there exist z s G 
{FL(S; C™(y))) 2 and ip s G FL(S; C°°(y) solving the system 

( sym V y z s ) t] + tptUij = (B % , for every i, j = 1, 2. (126) 
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Notice that, similarly as before: 

Vw s ' h = V^' l + ^0(1), 

2 

V((V^) T n) = V((Vw s > h fn) + ^ £ ® r j + ^0(1), 

= ffiu^.h + £ W0(1), 

where limsup^g ||0(1) < oo. Now we continue as in the proof of Proposition 4.4, after concluding 
that w 5 ' h satisfies the condition (87). Boundedness of the right hand side of (98) follows easily from the 

2 c 

coercivity of the functional U ' . □ 



A Auxiliary results 

In the sequel we consider f2 C M 3 a Lipschitz domain and = e;, for i = 1, 2, 3, where ej are standard 
coordinate vectors. The claims can be trivially extended to R™. For the proofs see e.g. [A1192]. For the last 
claim see [Vel] [Lemma 3]. 

Lemma A.l. (i) Any sequence that is bounded in L 2 (il) admits a two-scale convergence subsequence. 

(ii) Let f G L 2 (fl x y) and {f h }h>a C L 2 (fL) be such that f h — ^ f(x,y) weakly. Then f h 
Jy /(') v) dy weakly in L 2 (f2). 

(Hi) Let f° G L 2 (il) and {f h }h>o C L 2 (il) be such that f h — 1 f° weakly in L 2 . Then (after passing to 

subsequences) we have f h f°{x) + f(x, y) for some / G L 2 (Q x Y) with j Y /(•, y) dy = 
almost everywhere in Q. 

(iv) Let f° G L 2 (Vt) and {f h } h >o C L 2 (0) foe such that f h -> /° sfrong/y in L 2 . Wen /' l -^4 

(V) Lef /° G anc/ {/ }fc,>o C H 1 ^) be such that f h — 1 /° weakly in H 1 . Then (after passing to 

subsequences) 

Vf h ^Vf° + V y 4>(x,y) 

for some G L 2 (Q,,H 1 (y)). 

(vi) Let f° G H 2 (Q) and {f h }h>0 C H 2 (Q) be such that f h — * /° weakly in H 2 . Then (after passing to 
subsequences) 

VV-^VV + V^*,!/) 

for some <j>£ L 2 (fl, H 2 {y)). 

At several places in our argument we are only interested in the oscillatory part of the two-scale limit. In the 
following, we introduce as in [HNV] the special notation QSC,7 s for that purpose. As a motivation consider 
a sequence {/ }/j>o C L 2 (Vl) with weak two-scale limit / G L 2 (Vl x y). Consider 

f°(x):= J f(x,y)dy and f(x,y) = f(x,y)-f°(x). 

According to Lemma A.l the function f° is the weak limit of f h . We call /(a;, y) the oscillatory part of /. 
Evidently we have 

lim / f h ( x ) l fi(x)g(im)dx = // f(x,y)(p(x)g(y)dydx 

h-^vJn JjQxY 

for all G C °° (fi) and 5 G C°° (y) with / gdy = 0. (127) 
Motivated by that we introduce the following vocabulary: 



33 



Definition A.2. For a sequence {f h }h>o C L 2 (Q) and / G L 2 (f2 x Y) with j Y /(•, y ) dy = almost 
everywhere in f2 we write 

/ x f(x,y), 

if (127) holds for all ip G C$° (0) and 5 e C°° (}>). 

Lemma A.3. Le? /° anrf / ft 6 L 2 (Q) be such that f h — v /° weakly in L 2 (Q) and f h s ' * • f(x, y). Then 
jh f°(x) + f{x, y) weakly two-scale. 

Proof. Straightforward. □ 
The following Lemma was needed in the proof of Proposition 3.2. 

Lemma A.4. ( i) Let f° and f h € H 1 (f2) be such that f h — f° weakly in H 1 (Q) ami assume that 

V/'^vf + V^j/) 

for some f> £ L 2 (ft; ij 1 ^))- 77zen 

/ osc,7 



(ii) Lef /° and f G _ff 1 (f2) foe smc/i f/iaf /' l — ^ /° weakly in H 2 (fl) and assume that 
for some <p G i 2 (fi; ij 2 (3^)). TTzen 

f' 1 



£W 2 



Proof. The proof of (i) 
We have to show that 



-7- / f h {x)g{^-)ip{x)dx -> [f cj){x 1 y)g{y)fj{x)dx 
£(h) J n e(h) JJnxY 



(128) 



for all g G C°°(y) with f Y gdy = and -0 G Co°(f2). For simplicity we write e instead of e{h). Let G 
denote the unique solution in C°° (y) to 

-A y G = g, J Gdy = 0. 

Set G h (x) := eG(^) so that 

AG h (x) = ~<^). 
Also notice that d X3 G h = 0. Hence, the 1. h. s. of (128) turns into 

f h AG h ipdx 

= j f h ( K A{G h if)~2VG h -Vfj-G h Af;^dx 

= - I V/ h ■ V(G'V) dx - 2 / f h {VG h ■ Vtp)dx- [ f h G h Aipdx. 
Jn Jn Jn 

By the chain rule and the definition of G h we have 

W{G h fj)(x) = VG h (x)ip(x) +G h (x)V^(x) 
= V y G(^)i>(x)+eG(Z)VrJj(x), 



(129) 
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where we write for the convenience V y G = (V y G | 0), whenever it is necessary. Since the right-hand side 
strongly two-scale converges to V y G(y)ijj(x), and because V f h — ^ V/° + W y (f>(x, y) by assumption, 



we deduce that 



/ Vf h ■ V(G h ip) dx 
Jn 



-> - J] ( V/V) + V y <t>{x, y) ) • ( V v G(l/M*) ) dy 



4>(x, y)A y G(y)ip(x) dy dx 

S!x7 

<t>{x, y)g(y)ip(x) dydx. 



!)xy 

Hence it suffices to show that the second and third integral on the right-hand side of (129) vanish for h — > 0. 
We treat the second integral. Since VG h (x') — V V G(~) strongly two-scale converges to V y G(y), and 
because f Vip — > f°Vip strongly in L 2 (Vl), we deduce that 

/' l (VG' 1 • VV>) dx^ if f°(x)Vil>(x) ■ V y G{y) dy dx = 0. 

: JJflxY 

The third integral on the right-hand side of (129) vanishes simply because f h Aip is bounded in L 2 (57) and 
G h — > in L 2 (f2). The last claim is obvious from the proof. 

Proof of (ii). We define G in the same way as in (i) and we put G h (x) = g(^-)- Then A y G h (x) = -^g{^r) 
and VG h (x) = ±V a G(^). 



1 

e 5 



f h (x)g(^(x)dx - / f h AG h ^dx (130) 
n e is 



- / Vf h ■ V(GV) dx - 2 f f h {VG h ■ Vtp) dx 
Jn Jn 



n 

f h G h Aipdx 

n 

Af h {G h if)) dx - 2 f f h (\7G h • W) ^ 
n Jn 



f h G h Aij)dx 

n 



-> // A y <j}(x,y)G(y)ipdxdy 
InxY 



(f){x,y)g{y)^dx dy, 
nxY 



where we have used (i). 



□ 



The following proposition can be found in [FJM06, Proposition 2] 

Proposition A.5. Let £1 be a bounded Lipschitz domain in R™ and let 1 < p < oo, k G N and A > 0. 
Suppose that u € W k ' p (Vt) and let 

\u\ k (x) := |V a u(z)|. 

|a|<fc 
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Then there exists it A £ W k '°° such that 

||u ||iy*,oo < C(p,k, s)A, 
\{x€Q: u x (x)jtu(x)}\ < [ \u\l&x, 

J\u\ k >\/2 

\\u x \\ W k, P < C(p,k,Q)\\u\\ W k,p. 

In particular 

lim X p \{x £ : it A (a;) ^ = 0, 

A— »oc 

and 

lim |m a — m|| w fc .p = 0. 

A— >QC 

The following diagonalization lemma is due to [Att84, Corollary 1.16]: 
Lemma A.6. Let g : [0,oo) x [0,oo) — > [0,oo) and suppose that 

lim sup lim sup g(5, h) = 0. 

Then there is a monotone function (0, oo) 3/i4 6(h) S (0, oo) with lim/j-^o fi(h) = andlim sup^^Q g(S(h) 
0. 
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